A modified Fourier-Ritz approach is developed in this study to analyze the free in-plane vibration of orthotropic annular sector plates with general boundary conditions. In this approach, two auxiliary sine functions are added to the standard Fourier cosine series to obtain a robust function set. The introduction of a logarithmic radial variable simplifies the expressions of total energy and the Lagrangian function. The improved Fourier expansion based on the new variable eliminates all the potential discontinuities of the original displacement function and its derivatives in the entire domain and effectively improves the convergence of the results. The radial and circumferential displacements are formulated with the modified Fourier series expansion, and the arbitrary boundary conditions are simulated by the artificial boundary spring technique. The number of terms in the truncated Fourier series and the appropriate value of the boundary spring retraining stiffness are discussed. The developed Ritz procedure is used to obtain accurate solution with adequately smooth displacement field in the entire solution domain. Numerical examples involving plates with various boundary conditions demonstrate the robustness, precision, and versatility of this method. The method developed here is found to be computationally economic compared with the previous method that does not adopt the logarithmic radial variable.
Introduction
Circular and sector plates are widely used in engineering practice as components of different structures such as airplane wings, building walls, floor slabs, and loaded membrane and even in nuclear engineering. It is critically important to understand the dynamic characteristics of such structures in order to ensure reliable structural performance. Having extensively investigated the vibration of plates of various shapes, support, and loading conditions, many researchers have made great efforts on this problem using a large number of different methods [1] [2] [3] [4] [5] [6] [7] [8] [9] . For one case: natural vibration of thick plate, a comprehensive survey of the references up to 1994 can be found in Ref. [5] . However, majority of the previous studies focus on the out-of-plane vibration of plates [1] [2] [3] [4] [5] rather than in-plane vibration [6] [7] [8] [9] . Recently, it was found that the in-plane vibration has a significant effect on the sound radiation and transmissions of vibration energies in buildup structures [10] , and determination of natural in-plane vibrating frequencies of plates within the medium to high-frequency range is also important and has always been a challenging problem. Therefore, a better understanding on the in-plane vibration behaviors of plates is required to design these structures properly.
The use of Levy-type (or single series) solutions in vibration analysis of elastic plates or shells has been remained as one of the most economic approaches in structural mechanics. The most attractive feature of this strategy lies in its ability to apply in different problems with a range of boundary conditions and variable mechanical properties (for plates with variable thickness, functionally graded materials, laminated structures, etc.). In solving the in-plane problem, it is an important factor to represent or approximate the displacement field properly. Let us briefly review relevant works of free-in-plane vibration of the orthotropic circular and sector plates. Onoe [6] used special functions to express the circumferential and radial displacements on basis of the Love's theory. Holland [7] and Farag and Pan [11] applied trigonometric and Bessel functions in representing the mode shape. Chen and Liu [12] investigated the thin plates of different shapes and used a least-square method to satisfy the boundary conditions. For circular and annular plates, Irie et al. [8] utilized the transfer matrix method. For circular annular plates with periodicity in the circumferential direction, Bashmal et al. [13] presented a generalized Rayleigh-Ritz method. Park [14] derived the frequency equations corresponding to the in-plane vibration using Hamilton's principle. For the free in-plane vibrations of an annular sector plate, Seok and Tiersten [15] solved the problem by a variational approximation procedure. Ravari and Forouzan [16] did relevant vibrating plane problems for circular annular plates by using stress-strain-displacement expressions. Vladimir et al. [17] adopted the displacement potentials to study the free in-plane vibration of the rectangular, annular, and circular plates. The work of Kim et al. [18] is based on a new assumption of the mode shapes relevant with the number of nodal diameters. Some numerical researches are also made. For example, Singh and Muhammad [19] presented a numerical method to study the free in-plane vibration of the isotropic nonrectangular plate by means of interpolation technology. Leung et al. [9] used a Fourier p-element in analyzing the vibrating plane problems.
It should be emphasized that Wang et al. [20] used a modified Fourier-Ritz approach to solve for the free in-plane vibration of orthotropic circular, annular, and sector plates subjected to general boundary conditions. The Fourier-Ritz approach was first proposed by Li [21, 22] , who combined the modified Fourier series technique and Ritz method. Recently, this modified Fourier series technique has attracted a lot of attentions and is widely used in the vibration analysis of plate and shell structures with general boundary conditions [23] [24] [25] [26] [27] [28] [29] . The authors discussed the free out-ofplane or in-plane vibrations of plates or shells in various shapes.
To analyze the static bending problems of sector plates, Yao et al. [30] presented the symplectic method in which the logarithmic radial variable is used. Kim and Yoo [31] adopted a new type of variable to obtain an analytic solution to the flexural responses of annular sector thin plates.
In the current study, a new variable relevant to the radius, the logarithm of the radius, is introduced to investigate the in-plane free vibration of annular sector plates with classical and elastic boundary conditions. The method is based on the modified Fourier-Ritz approach and extends previous research [20] to be applicable to the free in-plane vibration of sectorial plate structures under general boundary conditions. In this method, the two in-plane displacement functions are formulated in 2D Fourier cosine series, and the auxiliary functions are two sin functions. The introduction of the auxiliary functions ensures and accelerates the convergence of the Fourier series. Then, the Ritz procedure is used to obtain the unknown expanded coefficients and solve the eigenvalue and eigenvector problems.
Our main work focuses on presenting the basic simplified theory with the use of the logarithmic radial variable, then the global stiffness matrix and mass matrix can be expressed in a much simpler explicit form, and the integration can also be performed explicitly. These advantages significantly reduce the computation cost compared to the previous theories that do not use the logarithmic radial variable. Moreover, for a given solution accuracy, the number of terms in the truncated Fourier series is less than that in the previous method [20] . Compared to Ref. [20] , the stiffness matrix is simplified significantly as the element of the stiffness matrix is explicit, which need not be the tedious process of numerical integration. What's more, the dimension of the matrix in the eigenproblem is also smaller as fewer terms in the truncated series are needed. Comparison of computation and convergence rate shows the significance of the method.
2 The Basic Theory 2.1 Preliminaries. The analysis starts with an orthotropic annular sector plate with uniform thickness h, inner radius R 0 , outer radius R 1 , and sector angle /, as shown in Fig. 1 . Displacements of the plate in the r-and h-directions are denoted by u ¼ u(r, h, t) and v ¼ v(r, h, t), respectively, where t denotes time.
General support conditions are considered, which are realized by massless normal and tangential springs along each edge. Outof-plane bending is not considered in this study, and constraints against out-of-plane rotation are not imposed. Similar to the discussion by Dozio [32] , the stiffness values of each restraining spring at different locations and directions are introduced. The symbol k d c stands for the spring restraining stiffness, with its subscripts c ¼ R 0 , h 0 , R 1 , and h 1 referring to the inner, bottom, outer, and upper edges, respectively, and d ¼ U, V denoting the normal and tangential directions, respectively. For instance, k U h0 indicates the stiffness values for springs in the surface normal direction along the bottom edge of the plate. The stiffness for each of the elastic restraints can vary as a function along an edge, i.e., k
A set of appropriate stiffness values can be selected to simulate classical boundary conditions, such as clamped, free, simply supported, and elastically supported conditions that can be cataloged into two kinds as discussed by Gorman [33] in the case of inplane vibration. For general supported orthotropic sector plates, based on the force equilibrium at the four edges, the boundary conditions corresponding to the elastic spring can be expressed as
where A rr ¼ ðE r =ð1 À l r l h ÞÞ; A hh ¼ ðE h =ð1 À l r l h ÞÞ; and A rh ¼ ðl r E h =ð1 À l r l h ÞÞ are the in-plane tensile stiffnesses, G rh is the shear Young's modulus, and E z and l z (z ¼ r or h) are Young's modulus and Poisson's ration in the z directions, respectively. The strain energy V pl of the sector plate is obtained as
Normal and tangential boundary restraining springs are arranged around all the plate edges to simulate the boundary conditions. The potential energy V s stored in the boundary springs is written as
Adding the strain energy V pl and the potential energy V s together yields The kinetic energy T of the sector plate is 
the maximum strain energy V max and the maximum kinetic energy T max for the plate are
and
respectively. According to the conventional Ritz approximation, the following solutions are assumed for the displacements amplitudes u and
where a mn and b mn are the unknown coefficients, and v m ðrÞ and f n ðhÞ are the appropriate admissible functions. As pointed out by Budiansky and Hu [34] , the geometrical boundary conditions of the problem need to be satisfied by the summation of the whole set of admissible functions, but do not have to be satisfied by each term in the expansion.
The Logarithmic Radial
Variable and the Improved Theory. In this study, a new variable q is introduced as r¼ e q , then as pointed out in Ref. [31] , taking logarithm and differentiating both terms of the relationship yield
Using Eq. (11), the following is obtained:
where Qðr; hÞ stands for an arbitrary function varying with r and h, and Q 1 ðq; hÞ is Qðr; hÞ written with the variable q. Substituting Eq. (12) into Eqs. (8) and (9), we have
In using the Ritz method, the energy functional is defined by Lagrangian function as
To further simplify the expressions, a new variable n ¼ q À ln R 0 ¼ lnðr=R 0 Þ is introduced. Equations (13) and (14) become and
respectively, where L R ¼ lnðR 1 =R 0 Þ. All the items in Eq. (16) have constant coefficients for the strain energy terms, while in Eq. (8) most of the corresponding coefficients vary with respect to the radius r. Moreover, the starting values of the definite integration in the n; h directions are all from zero, which is more convenient for further derivations.
With the new variable n, boundary conditions corresponding to Eqs. (1) and (2) become
2.3 Solution Procedure by Using the Logarithmic Radial Variable. As discussed by Wang et al. [20] , the importance of choosing the admissible function is the "core work" and "the first work," which can be traced to previous studies [21, 22] . Using the logarithmic radial variable, the displacements in the two directions become
where c mn and d mn are the unknown coefficients, and f m ðnÞ and g n ðhÞ are the appropriate admissible functions. Apparently, the displacement functions in Eq. (20) are different from the original Eq. (10) . The truncated expansion is adopted for the convenience of numerical computation, and the solution can be of arbitrary precision depending on the number of the terms included. In actual calculations, the value of M and N will be selected to obtain results with acceptable accuracy. As for the admissible functions, Ilanko et al. [35, 36] presented a discussion on the characteristics of the set of admissible functions used in the Rayleigh Ritz method. The discussion includes the use of polynomials, trigonometric functions, and a combination of both.
Dozio [32] also used a trigonometric form in free in-plane vibration analysis of rectangular plates with arbitrary elastic boundary conditions. Another method to formulate the admissible functions is to use an improved Fourier expansion that considers the continuity of the derivatives of a certain order [20] . Similarly, a set of simple trigonometric series for constructing the displacement functions in this study are selected as
The Fourier series expansion in Eqs. (21) and (22) contains a complete series and therefore exhibits good numerical stability. Conventional Fourier series generally have the boundary convergence problems except for a few simple boundary cases. As discussed in the work of Wang et al. [20] , the displacement functions should satisfy the continuity conditions and the boundary constraints, so the auxiliary functions must be closed in form and sufficiently smooth over the entire domain [0, L]. In other words, the introduction of the auxiliary function here eliminates the potential discontinuities of the displacement function and its derivatives in the whole domain. It is also significant that the auxiliary function can improve the convergent properties of Fourier series. Mathematically, the series in the form of Eqs. (20)- (22) is able to expand and uniformly converge to any function Hðn; hÞ 2 C 1 , i.e., have up to the second derivatives for 8ðn; hÞ 2 D : ð½0; L R ½0; /Þ.
Substitution of Eqs. (20)- (22) into Eqs. (16) and (17) and minimizing the function L ¼ U max À T max by performing the Ritz procedure with respect to the unknown coefficients c mn and d mn yield the following eigenvalue equations:
The elements of the plate's global stiffness and mass matrices in Eq. (23) 
in which
When the spring stiffness of the elastic boundary is uniform, it can be found that
Equation (23) can also be written in the matrix form 
In this method, the integrals involved in the calculation of the mass and stiffness matrices can be obtained analytically, thus avoiding tedious numerical iterations [13] or integration [20] needed by previous methods. For the case of uniform spring stiffness k d c , with the selected admissible functions in Eqs. (21) and (22) , the explicit forms of all the sub matrices, such as
, and M vv , can be obtained with the aid of several basic integration formulas in the Appendix. Moreover, these matrices can also be organized into four-block matrices as
where (21) and (22) do not include the first two terms, this corresponds to the case of conventional Fourier expansion for the in-plane displacements, and the corresponding matrix Z will degenerate to Z 22 . Table 2 The A 40  70  0.3  7850  Tables 1 and 4 and Fig. 2  Material B 20  70  0.3  7850  Tables 5, 7, and 8 and Fig. 3  Material C  1  206  0.3  7850  Table 6 Table 3 Different nondimensional spring stiffness values for general boundary conditions
Stiffness values Stiffness values
Boundary condition Essential conditions
Simple-support 1 (S1) Another important characteristic of the Fourier series is that the orthogonality with the trigonometric functions with respect to each other when integrated in the entire domain. To achieve the global stiffness matrix, the orthogonality property is very useful to reduce the effort in obtaining the matrix terms.
Numerical Results and Discussion
In this section, the convergence of the method is studied, and a systematic method to assign the values of nondimensional spring stiffness is discussed. A few numerical results are then compared to those by previous studies to demonstrate the excellent accuracy and reliability of the present method. A few computational examples on free in-plane vibration of circular sectorial and annular sector plates under various classical boundary conditions, elastic boundary conditions, demonstrate the extended applications of this method.
There are three kinds of materials in the examples, and their properties are listed in Table 2 .
The shear elasticity G rh is defined according to G rh ¼ E h /2/ (1 À l r l h ) as in Ref. [20] . For convenience, a nondimensional fre-
is used in all the results, also the nondimensional stiffness of the attached springs is defined asK ¼ k
A four-letter symbol is introduced to indicate the boundary conditions of annular and sector plates, starting with the first letter for the boundary condition of the edge at r ¼ R 0 and going counterclockwise for subsequent letters (second letter for boundary condition at h ¼ 0, etc.).
The letters E
, C, and F denote type i elastic boundary, type j simply supported, clamped, and free boundary conditions, respectively. Nondimensional spring stiffness for these boundary conditions is given in Table 3 . For example, the symbol E 1 CFS 1 denotes an annular sector plate with E 1 elastic boundary condition at r ¼ R 0 , clamped at h ¼ 0, free at r ¼ R 1 , and simply supported at h ¼ /. For circular sectorial plate, the inner boundary reduces to a single point and is treated as free boundary, so a three-letter notation is used instead. For example, the symbol CFS 1 means that the plate is clamped at h ¼ 0, free at r ¼ R 1 , and S 1 type simply supported at h ¼ /.
For annular sector plate and circular sectorial plate, unless otherwise stated, the values of the following variables are: the outer radius R 1 ¼ 1 m, the section angle / ¼ 90 deg, and h/R 1 ¼ 0.001.
Choosing appropriate number of terms in the truncated series is also important in the analysis. Table 4 shows the first four nondimensional frequency parameters of completely clamped circular sectorial and annular sector plates with different number of terms. The inner-outer radius ratio is R 1 /R 0 ¼ 2 for annular sector plate. From Table 4 , the frequency converges fast and monotonically as the number of terms increases.
For circular sectorial plate, the convergence is also evident, though slightly slower. The value of R 0 /R 1 should be small enough, but it cannot be zero because it will cause n min ¼ À1. It was found out that a ratio of R 0 /R 1 smaller than 1/20 yields satisfactory results. In this paper, the number of terms for the displacement functions is set as M Â N ¼ 10 Â 10 in all the numerical examples. In previous studies, as the new logarithmic variable was not used, the number of terms was large in the truncated series to obtain accurate results (e.g., M Â N ¼ 15 Â 15 is needed in the work of Wang et al. [20] to obtain satisfactory results).
Free vibration of clamped circular sectorial plate with / ¼ 90 deg is investigated here. In Table 1 , two ratios of R 0 /R 1 ¼ 1/20 and 1/40 are used. The spring stiffness values in both directions are assumed to be the same. The results show that the spring stiffness values should be sufficiently large to simulate the clamped boundary condition, for example, the nondimensional spring stiffness values of C U ¼ C V ¼ 10 7 are appropriate for R 0 /R 1 ¼ 1/ 20 and C U ¼ C V ¼ 10 6 for R 0 /R 1 ¼ 1/40 in the case of circular sectorial plate.
As to the boundary conditions, the classical boundary conditions can be imposed by assigning the attached massless springs with proper stiffness values. First, similar to the study of Wang et al. [20] , we use two sets of springs in the normal and tangential directions to simulate the boundary conditions and vary the elastic spring stiffness values to study their effects on the plate's vibration frequency. The plate has an annular sector shape, and the boundary conditions are free at the two radial edges and restrained by one type of directional springs (either tangential or normal), with nondimensional stiffness values varying from 10 À2 to 10 7 on the two circular edges. The variation in frequency parameter is defined as the difference in X for a certain U k (k ¼ U and V) value to the case of
7 is used in the calculation. The inner radius R 0 ¼ 0.5 m, and the material is material A in Table 2 . It is shown in Fig. 2 that for U k (k ¼ U and V) in the range of 10 À2 to 10 7 , DX is negligible, thus aiding frequency convergence. Table 3 summarizes the selected values of nondimensional spring stiffness for various classical boundary and elastic boundary conditions. It should be noted that the nonzero stiffness values of the elastic boundary conditions E 1 , E
2
, and E 3 are not unique and dependent on the types of springs. Table 5 compares the results of an annular plate with various classical boundary conditions. The results from this study agree very well to those obtained by ABAQUS-V6.12 and ANSYS-V14.5 [20] . The results in Table 6 correspond to material C in Table 1 . These results also agree very well with previous results reported by Singh and Muhammad [19] , Wang et al. [20] , and Shi et al. [23] . The previously mentioned analysis proves that the present method using the logarithmic radial variable is accurate and computationally efficient in handing in-plane vibration problems of annular sector plates or circular sectorial plates. Previous Note: The numbers in the parentheses are from Ref. [20] . Note: The numbers in the parentheses are from Ref. [20] . techniques usually are only applicable to certain combinations of boundary conditions and geometrical shapes of plate, but the method developed here can easily accommodate arbitrary boundary conditions and shapes by changing the corresponding input parameters.
More computational results are presented later to demonstrate the robustness and versatility of the method in this study. Table 7 shows the frequency parameters X of annular sector plates with various boundary conditions. Two values of R 0 /R 1 (0.3 and 0.8) and three values of sector angle (p/3, p, and 5p/3) are considered. Similarly, the frequency parameter X of circular sectorial plates with various boundary conditions is shown in Table 8 . Four values of sector angle (p/3, 2p/3, p, and 5p/3) are considered. Here, the inner-to-outer radius ratio is taken as 1/300 for all but for the case of three-edge-clamped boundary, the ratio R 0 /R 1 is taken as 1/20. It is shown that the sector angles / and boundary conditions play dominant roles in the frequency parameters of circular sectorial plates. For the same values of inner-to-outer rations R 0 /R 1 and same boundary conditions, the increase of the sector angle / leads to decrease in the frequency.
After solving for the eigenvectors of the coupled eigenvalue problem in Eq. (30), the physical in-plane modal shapes can be easily calculated using Eq. (20) . A few selected modal shapes of free in-plane vibration for annular sector plate are shown in Fig. 3 .
Conclusions
In order to analyze the in-plane natural frequencies for the orthotropic sector plates with classical boundary conditions, a simplified solution procedure is developed based on the Ritz method with improved Fourier expansion. Introduction of the logarithmic radial variable significantly accelerates convergence and reduces computation cost. The developed method takes advantage of normal improved Fourier Ritz method without the new variable and exhibits many good characteristics such as good adaptability for any combination of boundary conditions and geometrical shapes and sizes, fast convergence, high reliability, and accuracy. The method is also applied to circular sectorial plate to demonstrate versatility and robustness.
According to the presented numerical results, the in-plane vibration characteristics of the plates mainly depend on the geometrical and material parameters and boundary conditions. It is found that for both annular sector and circular sectorial plates, the frequency parameters decrease monotonically as the sector angle increases if the other factors remain the same.
The method presented here is compared to the original theory that does not use the logarithmic radial variable, and the following four new characteristics are discussed:
(1) In the Ritz method with improved Fourier expansion for analyzing the in-plane vibration of sectorial plate, the basic theory for improved Ritz method and the solution procedure is significantly simplified. (2) The admissible functions are simple in form with just trigonometric functions. The stiffness matrix and the mass matrix can be formulated in explicit forms, according to the several integration formulas in the Appendix. The stiffness matrix has many zero elements considering the orthogonality characteristics. Therefore, the method here is efficient in generating the global matrices. (3) The range of nondimensional stiffness value for the boundary springs is discussed. Unless specially designated, a large value of 10 7 or 10 8 can be used for clamped boundary condition in numerical computation for satisfactory results (within 0.1% error). (4) The number of terms in the truncated Fourier series for the displacement field is reduced to 10 for most cases and 11 for special cases where the inner radius is very small. Comparing with previous method that does not use the logarithmic radial variable (e.g., 15 Â 15 terms in the work of Wang et al. [20] ), the present method significantly reduces computation cost for the matrices dimensions in the eigenproblems, which is about 2/3 of that of Ref. [20] .
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